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Introduction 2

Operations Research theory has developed e�cient algorithms for
solving some single-objective optimization models that are highly
structured.

Real-world decision problems tend to have many complex features
making modelling a very hard task.

Wolfram [2002]

the idea of describing behavior in terms of mathematical equations
works well where the behavior is fairly simple. It almost inevitably
fails whenever the behavior is more complex.
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Introduction 3

The model has to be an approximate representation of the real
problem.

The optimal solution must be a good approximation of the real
one.

It is essential to model real-world problems intelligently.

Approximations.

Relaxations.

Heuristics.

Hierarchical modelling techniques.
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Contents 4

Murty [2009] presents this topic by three case studies. This lecutre
has the same outline.

1 Container Shipping Terminal.

2 Bus Rental Company.

3 Allocating Gates to Flights.

4 Concluding Remarks
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Containerized Shipping - Details 5

The terminal have storage yards for temporary storage of these
containers.

The storage yard is usually divided into storage blocks which
have seven rows with over twenty 20-ft equivalent containers
stacked lengthwise.

Each row can contain stacked containers in up to four or �ve
layers.
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Containerized Shipping - Motivation 6

There are around 40 major shipping lines in the world and they all
take their choice of container terminal very seriously.

Shipping lines rate container terminals largely based on quary crane
rate, the average number of containers moved by the quary crane
per hour. This might be 20-40.

With several new container terminals opening up, container
terminals face growing competition and have to increase
productivity to stay in business.
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Containerized Shipping - What to optimize? 7

A serious problem in container terminals is that internal trucks get
stuck in tra�c. Quary crane rates goes down because the quary
crane has to wait for

trucks to take away unloaded import containers.

trucks to bring export containers to load.

One of the most serious problems in terminal operations is routing
the trucks optimally to minimize congestion.
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Containerized Shipping - Complicating matters 8

The policy for allocating storage spaces to arriving containers
directly in�uences the routing of container trucks and is therefore
an important factor in controlling congestion.

Variable and uncertain workload due to weather, road, sea
conditions.

Impossible to control the order in which container arrive or
their arrival times.

Storage must be carried out at arrival time without delay.
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Containerized Shipping - Planning Period 9

Container terminals work three 8 h shifts every day. It is therefore
convenient to make the planning horizon equal to the length of a
shift or less. Two important considerations arise.

It should be possible to estimate the total workload in the
period with reasonable accuracy.

Total workload should be distributed as uniformly as possible
over the planning period.

4 h periods come closest to meet these considerations.
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Containerized Shipping - Strategy 10

The policy used for allocating storage spaces to arriving containers
directly in�uence the routing of container trucks and is therefore
the most important factor in controlling congestion.

Three di�erent models were considered, where the two �rst were
unsuccessful.
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Containerized Shipping - First Model 11

Model the decision using binary variables xijkl, which is 1 if the ith
container coming from the jth quary crane is stored in the kth
stack of block l.

This turned out to be an inappropriate model because

This will lead to a huge integer problem which takes a long
time to solve.

The set of occupied storage positions changes every minute.
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Containerized Shipping - Second Model 12

Model the problem as a two-stage problem.

Stage 1. determines the block where to store each arriving
container.

Stage 2. determines the storage location in the block at the time
of arrival to the block.
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Containerized Shipping - Measure for Congestion 13

The �rst step is developing a measure for congestions. Inside the
terminal, all roads have the same capacity and all vehicles are very
similar. Model the road system as a directed graph G = (N ,A)

where

N is the set of nodes.

A is the set of arcs.

The decision variables in the �ow model are f rij = trucks of
commodity r passing through arc (i, j) in the planning period for
r = 1 to t (i, j) ∈ A.
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Containerized Shipping - Results of the Second Model 14

The problem is a large-scale LP with thousands of constraints but
can be solved in a few minutes.

The output provides the storage position for each arriving container
and the route for the truck carrying it.
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Containerized Shipping - Problems of the Second Model 15

The output from this model turned out to be di�cult to implement
as drivers resented being told which routes to take.

The model is based on estimated total workload during the entire
planning period and thus only works well if the workload is evenly
distributed over the planning period.
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Containerized Shipping - Third Model 16

Let the �ll-ratio fi(t) in block i at time t be

fi(t) =
the number of containers in storage in block i at time t

total number of storage spaces for containers in block i

It was observed that the �ll-ratio was highly correlated with the
truck tra�c in and around the block.

Maintaining the �ll-ratios in all blocks equal will ensure that the
tra�c will be evenly distributed.
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Containerized Shipping - Third Model 17

Stage 1. Determine container quota number for block i: That is
the number of arriving containers to be stored at block i.

Stage 2. Dispatching Policy for Container Trucks: Determining
which block an arriving container should be dispatched in.

Stage 3. Storage-Position Assignment Policy within a Block: How
to store arriving blocks to minimize reshu�ing.
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Containerized Shipping - Stage 1 Algorithm 18

The decision variable xi is the number of containers for storage
during this planning period, which will be dispatched for storage to
block i.

ai = the number of stored containers that will remain in block
i at the end of this period if no additional container are sent.

N the number of new containers expected to arrive at the
terminal during the period.

B the number of blocks in the storage yard.

A the number of storage positions in each block.

The �ll ratio in the yard at the end of the period will be

F = N +
∑
i

ai
AB

If all the �ll ratios are equal, they will all be F .
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Containerized Shipping - Stage 1 Algorithm 19

minimize
x

B∑
i=1

(u+i + u−i ) (1a)

subject to
B∑
i=1

xi = N (1b)

ai + xi −A× F = u+i + u−i (1c)

xi, u
+
i , u

−
i ≥ 0 (1d)

(1a) Minimize the deviation from the average �ll ratio.

(1b) The sum of all containers stored in each block i ∈ B must be
equal to the number of arriving containers.

(1c) Absolute value of the deviation from the �ll ratio.
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Containerized Shipping - Stage 2 and 3 Algorithm 20

Let wi(t) be the number of trucks waiting in block i to be served.
This has to be monitored at the storage yard at all times.

Let xRi (t) = remaining container spaces at block i at time t.

Dispatch the container at the block i satisfying

wi = min
{
wj(t) : x

R
j > 0

}
That is, a block with a positive remaining quota that has the least
amount of trucks waiting.

For stage three, how to store a container within the block, a
heuristic online algorithm to minimize reshu�ing was used.
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Containerized Shipping - Conclusion 21

These policies turned out to be highly e�ective and helped reduce
congestion and reduced truck turnaround time by over 20

Two standard approached for modelling the problem led to large
scale models that gave very poor results, but the third model let to
a small model that was easily solved.

Moral

In order to get good results in real-world applications, it is
necessary to model the problem intelligently.
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Bus Rental - Introduction 22

Murty [2009]

Practice has shown that allocation and routing decisions made
manually by human operators with long experience are usually
nearly optimal, and it is very hard to beat those decisions using a
computerized decision-making support system (DMSS).

This is the story about how Murty and Kim [2006] made an
intelligent DMSS for a bus company in South Korea which resulted
in solutions 10− 20% more economical than the manual solutions
by two experienced workers who were retiring, and replaced by a
young worker.
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Bus Rental - Problem Details 23

The bus company rents buses with drivers to customer groups
requesting them.
The bus company rents their two types of buses.

15-seat (5 buses).
45-seat (20 buses).

Each job speci�es a route including the starting time and
location, intermediate stops, and a �nal destination and arrival
time.

The duration of the jobs varies between 0.5 and 20 h.
The company receives 100 requests of jobs each day. The jobs
are classi�ed into

large-group jobs, requiring a 45 seat bus.
small-group jobs, su�cient to use a 15 seat bus.

More than one job can never be combined in the same bus.

The company may itself rent additional buses from outside
vendors.

All job data is available the day before.
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Bus Rental - Driver Details 24

Several succeeding jobs are packed into a job-sequence for a
speci�c driver.

Buses are kept in depots at two di�erent locations. Driver have
to pick a bus up at a depot and return it to a depot at the end
of the work-sequence.

The drivers wage are proportional to the worked hours. Drivers
thus want to work a fair amount each day.

Fatigue can lead to accidents. The company likes to keep
work-sequences bellow 12 h. There seems to be no regulation
however.

Some jobs have a duration of over 24 h. However, these jobs
allays have many intermediate stops where the driver can rest.
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Bus Rental - Driver Details 25

Several succeeding jobs are packed into a job-sequence for a
speci�c driver.

Buses are kept in depots at two di�erent locations. Driver have
to pick a bus up at a depot and return it to a depot at the end
of the work-sequence.

The drivers wage are proportional to the worked hours. Drivers
thus want to work a fair amount each day.

Fatigue can lead to accidents. The company likes to keep
work-sequences bellow 12 h. There seems to be no regulation
however.

Some jobs have a duration of over 24 h. However, these jobs
allays have many intermediate stops where the driver can rest.
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Bus Rental - Driver Details 26

The problem is a multiobjective problem.

Obj 1. minimize the number of job-sequences, and hence buses
used.

Obj 2. minimize the cost of empty load drives of all buses.

Obj 3. keep the percentage of long-duration work-sequences bellow
50% as far as possible. (Internal policy to avoid
long-sequence (12h+) jobs two days in a row)

Set a lower bound on a work-sequence to δ = 6h to keep bus
drivers happy.
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Bus Rental - Models in the Literature 27

Several published papers suggest using a 0-1 integer programming
model with decision variables of either

xijkl equal to 1 if the ith job is included in the jth
work-sequence, for which a bus of size k from depot l is
allocated.

xjgkl equal to 1 if jobs j, g are both allocated to the same bus
of size k from depot l.

The third objective becomes very hard to model in such a model,
and even without it, the model will have a very large number of
constraints.

When n is of the order 100 the problem will take several days even
for a supercomputer to solve it.
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Bus Rental - Modelling 28

A hierarchical decomposition was used to break up the problem into
several stages where objective 2 was split into

Obj2.1 = cost of empty load drives in-between jobs on the
work-sequence.

Obj.2.2 = cost of empty load drives from and to the depot.
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Bus Rental - Buses Used 29

Split the bus allocation into two phases

Phase 1. Consider only the small-group jobs for which the 15-seat
bus is suitable. For all work-sequences above the
threshold value δ hours, assign 15-seat buses to the
extent they are available.

Phase 2. For working-sequences bellow the threshold and all
work-sequences requiring 45-seat buses, allocate 45-seat
buses.
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Bus Rental - Obj 1 30

Minimizing objective 1 requires partitioning the set of n jobs into
the smallest possible number of work-sequences. There is an
e�cient network model for this problem known as Dilworth's

minimal chain decomposition problem.
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Bus Rental - Obj 3 31

Obj 1 and Obj 2 has not taken Obj 3 into account at all.

On each long multiple-job-sequences, the longest arc is deleted from
the network and the algorithm is applied to the remaining network.
This almost always turned out to satisfy the long working-sequence
policy with only a slight increase in the number of work-sequences.
It may be repeated until it does satisfy the condition.
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Bus Rental - Allocating Buses 32

Let

p = number of work-sequences in the �nal set.

ct, dt = cost of the empty load drive at the beginning and the
end of the tth work-sequence.

et cost of renting a bus for the tth work-sequence from outside.

N1, N2 = number of buses available at depot 1 and 2

As et typically is much larger than ct or dt the number of buses
rented from outside will be (p−N1 −N2)

+. Since only one bus is
assigned to each work-sequence, the problem can be modelled as a
3× p transportation problem.
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Bus Rental - Conclusion 33

Relaxations, hierarchical decomposition and heuristics were used to
model and analyse the complex problem.

The new worker responsible for making allocations can use this
system to make the allocations in a couple of hours each evening.
Two retiring workers were replaced and the solutions obtained are
10− 20% more economical than manual ones.
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Allocating Gates to Flights - Introduction 34

Methods to solve those models have been studied widely in OR
literature.

Flights use planes of di�erent size.

Gates are classi�ed into di�erent types depending on size and
location.
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Allocating Gates to Flights - Objective Functions 35

Minimize walking distance?

Minimize walking distance for passengers with short
connection time?

No real cost for the airport.

Minimize penalties from

waiting time before allocated a gate.
reallocating a gate.

At the same time, all airports in the world claim to apply the policy
of �rst arrived, �rst assigned.
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Allocating Gates to Flights - Problem 36

r = max
∑
j∈J

∑
i∈Gj

xij (2a)

subject to
∑
i∈Gj

xij = 1, j ∈ J1 (2b)

∑
i∈Gj

xij ≤ 1, j ∈ J2 (2c)

∑
i∈Fi

xij ≤ 1, i ∈ I (2d)

xij ≥ 0, j ∈ J, i ∈ Gj (2e)

(2a) Maximize the number of eligible �igt-gate assignments.

(2b) Assign all �rst preference gates to �ights.

(2c) Assign less important �ights to second priority gates.

(2d) Flights have max one gate.
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Allocating Gates to Flights - Problem 37

If this model turns out to be infeasible, it is an indication that there
are not enough eligible gates available. The model then must be
relaxed. This happens at high workloads.

The above model does only �nd the maximum number of gate
assignments. It does not try to �nd the optimal gate allocation.

The optimal gate allocation is found by solving another
mathematical model which is also a network �ow model which tries
to minimize the penalty function.
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Allocating Gates to Flights - Problem 38

r = min
∑
j∈J

∑
i∈Gj

cijxij (3a)

subject to
∑
i∈Gj

xij = 1, j ∈ J1 (3b)

∑
i∈Gj

xij ≤ 1, j ∈ J2 (3c)

∑
i∈Fi

xij ≤ 1, i ∈ I (3d)

∑
j∈J

∑
i∈Gj

cijxij = r (3e)

xij ≥ 0, j ∈ J, i ∈ Gj (3f)
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Allocating Gates to Flights - Problem 39

(3a) Minimize sum of penalties.

(3b) Assign all �rst preference gates to �ights.

(3c) Assign less important �ights to second priority gates.

(3d) Flights have max one gate.

(3e) Assign r �ights to gates.
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Allocating Gates to Flights - Conclusion 40

Many models in the literature seems to focus on optimizing
objecctives decision makers do not consider important.

An optimization model is divided into two stages.

The �rst stage maximizes the number of �ights to which gates
can be allocated.

The second stage allocates the gates to each �ight based on
minimizing penalties set by decision makers.

Airport o�cials stated that top priority should be given to
maximize the number of �ights that are gated.
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Murty's Three Commandments for Successfully Decision

Making 41

The following are important for successfully decision making:

Looking at the problem from all possible angles and not just
one way.

Constructing an intelligent mathematical model to analyze the
problem and to solve it.

Being very tactful in selling the optimum solution obtained
from the model and in implementing it.
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